
1 

 

Math 8 Handout (Stewart) Section 6.4*:  General Logarithmic and Exponential Functions   I. Lai 
 
For 0b    and r  a rational number, we can use known properties to write the following: 
 

      ln lnrr b r bb e e= =   
 
 
 
 

So therefore,    lnr r bb e=  .   This is true for all rational r . 
 

We will extend this idea to all real numbers, and use this relationship to define xb . 
 

Definition of  xb   
 

  lnx x bb e=             0b   , x    
 

 

Recall the expression 32  ?  Now, we can use this definition to write  32  .   
 
 
 
 
 
 
 

The function ( ) xf x b=  is called the exponential function with base b . 
 

Additionally, with this definition, the power rule for the ln function ( ln lnrb r b=  for rational r ) can 
now be extended to be true for all real numbers. 
 

  
lnln ln

ln

x x bb e

x b

=

=
 

  

Therefore,    ln lnxb x b=   for any real number x . 
 
 
 

Laws of Exponents 
If x  and y  are real numbers and  , 0a b  , then 
 

1.  x y x yb b b +=      (Product Law) 

2.  
x

x y

y

b
b

b

−=         (Quotient Law) 

3.  ( )
y

x xyb b=        (Power Law) 

4.  ( )
x x xab a b=    (Product-to-power Law) 

 

 



2 

 

Proof of (1) Product Law:      (try-for-yourself: prove the other three laws) 
 

Given:  0 and ,b x y            Goal: To prove:  x y x yb b b +=  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Derivative of the exponential function with base b: 
 

  ( ) lnx xd
b b b

dx
=     Chain Rule:   lnu ud du

b b b
dx dx

 
=  

 
  

 

     Example:     ( )5 5 ln 5x xd

dx
=   

 

 
Proof: 

  

( ) ( )

( )

( )( )

ln

ln

ln

ln

ln

x x b

x b

x b

d d
b e

dx dx

d
e x b

dx

d
e b x

dx

=

=

=

=
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Example 1:  Find the derivative. 
 

(a)     ( )( )
22 23 xy x−=              (b)  23 3

xe xy x e= + + +    

         
 
 
 
 
 
 
 
 
 
 

(c)  ( )
cos

3 ln
x

xy e x= +   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Summary     For constants ,b n    

0nd
b

dx
=           

1
( ) ( ) ( )

n nd
f x n f x f x

dx

−
=   

 

( ) ( ) ln ( )g x g xd
b b b g x

dx
=        

( )
( )

g xd
f x

dx
    →   Use logarithmic differentiation. 

                OR rewrite ub  as lnu be and differentiate. 
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Integral of the exponential function with base b: 
 

  ( )
1

ln

x xb dx b C
b

= +     ;       ( )
1

ln

u ub du b C
b

= +  

 
 

Proof:   
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 2:  Evaluate the integral. 
  

 
10 x

dx
x
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Graph of  xy b=  ,   0b   and 1b  ,  

 
ln( ) 0x x bf x b e= =           Domain: ( ),−       Range: ( )0,   

 
For 1b   ,          For 0 1b  ,   
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General Logarithmic Functions 
 

Since xb  is one-to-one, it has an inverse function.  Its inverse function is called the logarithmic 
function with base b . 
 
 

Definition  of logb x    

   log y

b x y b x=  =    for 0b   , 1b   , 0x    
 

        *Note:  ln logex x=   and 10log logx x=  

 
 
 
 
 
 
 
 

 

 

Inverse Function Cancellation equations: 
 

                           log x
b b x=   for all x        and         logb x

b x=   for 0x    

 
 
 
 
 
 
 

 

Graphs of logarithmic functions 
 

For 1b   ,          For 0 1b  ,   
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Laws of Logarithms  

(1)  ( )log log logb b bxy x y= +  (2)  log log logb b b

x
x y

y

 
= − 

 
   (3)  ( )log logy

b bx y x=   

 

 
Proof of (1):                     (try-for-yourself: prove the other two laws) 
 

   Let   logbu x=   and   logbv y=   
 

   Then  x =    and   y =  

  So: 

               

( )log log

log

b b

b

xy =

=

=

  

 
 
 
 
 
 
 
 
 

Change-of-base Formula:   

     
log

log
log

a

a

b

x
x

b
=  

 

   In particular:  
ln

log
ln

b

x
x

b
=    

 
  

 

Proof: 

   Let logby x=   

 Then, by the definition of inverse functions,  
  

        x =    

 

 Applying the natural log to both sides, we get 
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Derivative of logb x   

               
1 1 1

log
ln ln

b

d
x

dx b x x b
=  =    Chain Rule:  ( )

1
log

ln
b

d u
u

dx b u


=     

 

 

Proof:            logb

d d
x

dx dx
=                by the change of base formula 

 

             =  
 
 
 
 
 
 

Example 3   Find the equation of the tangent line to the graph of  ( )cos

3log 3tanxy e x=    at   
3

x


=  . 

 

Recall: The equation of a line with slope m  and passing through the point ( )1 1,x y  is ( )1 1y y m x x− = −   

             The equation of a tangent line to the graph of  ( )y f x=   at the point x a=  is given by   

( )( ) ( )y f a f a x a− = −   

 
 

Step 1: Find the derivative of the function. 
 

 ( )cos
3log 3tanxy e x=  

 
  
 
 
 
 
 
 
 
Step 2:  Find the derivative of the function at the given point. (this is the slope of the tangent line at 

that point.), i.e. find ( )f a  with 
3

a


=   for this problem.  
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Example 3 cont’d:   

           Find the equation of the tangent line to the graph of  ( )cos

3log 3tanxy e x=    at   
3

x


=  

 
           The equation of a tangent line to the graph of  ( )y f x=   at the point x a=  is given by   

( )( ) ( )y f a f a x a− = −   

 
Step 3: Find the equation of the tangent line using the point and the slope of the tangent line at that 
point. (if it’s not given, you’ll need to first find the y-value at the given point, i.e. find ( )f a )   

 


